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Este trabalho apresenta a implementação da difusão neutrônica no seio do programa MEF usando como 
dados de entrada, as seções de choque homogenizadas produzidas pelo programa HAMMER. Esta 
implementação resgata a possibilidade de se fazer o cálculo de difusão neutrônica utilizando-se o método 
dos elementos finitos, tarefa já realizada anteriormente no IEN[2]. A esta implementação, acrescenta-se o 
cálculo de erro do fluxo neutrônico e se redefine a discretização, baseada neste erro, utilizando-se a 
remalhagem adaptativa[6] Este acréscimo permite homogenizar o erro do cálculo do fluxo em todo o 
domínio tornando-se um programa moderno e um bom substituto ao programa CITATION. 
Apesar da utilização do método de potência, considerado um método de convergência lenta, para a 
solução do problema especial de autovalor, os resultados tem mostrado que isto não é uma limitação 
para a obtenção do fluxo neutrônico mesmo quando se utilizam malhas com mais de 10.000 elementos 
finitos. Neste trabalho, apresenta-se inicialmente a formulação variacional do problema de difusão 
neutronica, a discretização em elementos finitos e finalmente a solução de vários exemplos de difusão 




This work presents the neutron diffusion implementation in the MEF program using as the input data, the 
cells homogenization produced by the HAMMER program. This implementation rescue the possibility to 
make neutron diffusion calculation using the finite element method, work previous realized in IEN []. To 
this implementation a neutron flux error calculation is added with the objective to redefine the discretization 
based in this calculation and using the adaptative remeshing. This implementation permits to homogenize 
the error distribution rending the code a modern calculation tool and a good substitute to the CITATION 
program. 
In spite of the use of power method, recognized as to be of slow convergence, to calculate the neutron 
diffusion solution (special eigenvalue problem), the results show that is not a limitation to the neutron flux 
solution even for more than 10.000 finite element mesh. In this work, a variational formulation of the 
neutron diffusion problem is presented and finally various examples of this problem, limited to two energy 
groups with various types of regions, are presented. 
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Recently, as computer performance improves, Monte Carlo codes become very useful tools to analyze critical 
experiments without any geometrical approximations. Due to its statistical methodology, the Monte Carlo method is 
good at evaluating cumulative values such as a multiplication factor, but there are some difficulties to obtain accurate 
point-wise values such as detail flux distribution in a large core calculation due to the great number of variables. 
Therefore, deterministic method codes, that are less time consuming and can treat a great number of variables, are still 
required to obtain fine resolution results that cannot be traced accurately by the statistical way[12] in a reasonable time. 
Here, as we treat only two-dimensional cases, the axial buckling is introduced to core analysis in order to simulate axial 
leakage. 
We limit ourselves essentially, in this work, to two groups of energy and various physical properties. The core 
discretization, using a spatial and flux distribution approximation, is realized in the variational principle using the 
Finite Element Method [2]. Based in the continuity property of the flux distribution gradient it is possible to define a 
norm error and a remeshing procedure using this norm [6]. It is expected a good resolution and quite homogeneous 





The differential neutron diffusion equation could be written in the following tensorial form: 
 
(1.) ( ) φλνφφ fsaDdiv Σ=Σ+Σ+∇− )(  
 
with and with the boundary conditions: 1C∈φ
 







D  : neutron diffusion coefficients 
aΣ  : neutron absorption coefficients 
sΣ  : neutron scattering coefficients 
fΣ  : neutron fission coefficients 
 φ  : neutron flux distribution 
 λ  : eigenvalue 
 
The weak formulation of the above differential equation may be obtained multiplying the terms of equation (1.) by a 
sufficiently regular function defined in the w Ω  domain and integrating over all domain: 
 
(2.)  ( ) ( )∫ ∫∫Ω ΩΩ ΩΣ=ΩΣ+Σ+Ω∇⋅∇− dwdwdDw fsa φλνφφ
 
Using the derivative by parts as defined below; 
 
(3.) ( ) ( )φφφ ∇⋅∇+∇⋅∇=∇⋅∇ DwDwwD  
 
and substituting this relation in the equation (2.) results: 
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Using the divergence theorem in the second term of the left hand side: 
 
(5.)  ( ) Γ∇=∇⋅∇ ∫∫ ΓΩ dnwDdVwD .φφ
 












D φφ  
 
the equation (4.) could be presented by the expression: 
 
(7.)  ( )∫ ∫Ω Ω =ΩΣ−Σ+Σ+Ω∇∇ 0dwdwD fsa φλνφ
 
Introducing a discretization in the neutron energy level and using for the weight function, the same function used to 
discretize the flux distribution (field function), the above equation can be written in the form (Galerkin method): 
 






⎡ Σ−Σ+Σ+∇∇∑∫ ∑ ∑Ω ≠ ≠g gg g gfggsggagggg dD gggg φνλφφφφφφφ
 
For two neutron energy groups  
 
(9.) ( )[ ] ( )∫∫ ΩΣ+Σ=ΩΣ+Σ+∇∇Ω − ddD ffsa 211111111 21121 φνφνχφλφφφφ  
 
(10.) [ ] ( )[ ] ΩΣ+Σ+Σ=ΩΣ+∇∇ ∫∫ ΩΩ − ddD sffa 1212222222 12212 φφνφνχφφφφφ  
 
where  is the neutron scattering cross section from energy group j to i and 
jis −Σ iχ  is the percentage of fission 




(11.) ( )[ ] ( )∫∫ ΩΩ ΩΣ+Σ+Σ+Σ=ΩΣ+Σ+Σ+Σ+∇∇ −−− ddD ffffsssa 43211111111 43211413121 φνφνφνφνλχφφφφφ  
 
(12.) ( )[ ] ( )[ ] ΩΣ+Σ+Σ+Σ+Σ=ΩΣ+Σ+Σ+∇∇ ∫∫ ΩΩ −−− ddD sffffssa 143212222222 12432124232 φφνφνφνφνλχφφφφφ  
 
(13.) ( )[ ] ( ) ( )[ ] ΩΣ+Σ+Σ+Σ+Σ+Σ=ΩΣ+Σ+∇∇ ∫∫ ΩΩ −−− ddD ssffffsa 2143213333333 23134321343 φφφνφνφνφνλχφφφφφ  
 
(14.) [ ] ( ) ( )[ ] ΩΣ+Σ+Σ+Σ+Σ+Σ+Σ=ΩΣ+∇∇ ∫∫ ΩΩ −−− ddD sssffffa 32143214444444 34241443214 φφφφνφνφνφνχφλφφφφ  
 
where the following simplification was done . 
ii ffi Σ=Σ νν
 
 
Finite Element Discretization: 
 














































































where the vector  collects all the nodal coordinates values of the element  and  is the interpolation 
function of the node i . 
{ eee 321 xxx e iN
 
Flux approximation: The flux approximation is also obtained from the Finite Element Method where the flux 
distribution in each element may be expressed in the following form: 
 




















































































































































































































































































Introducing now the geometric (15.) and flux (16.) approximations into the two neutron energy groups, equation (9.) 
and (10.) result in: 
 
(19.) ( ) ( )[ ]{ } ( ){ } 11111 21121 ΦΩΣ+ΣΦ=ΦΩΣ+Σ+∇∇Φ ∫∫ ΩΩ − ddD tffttsatt NNNNNN ννλ  
 
(20.)  ( )[ ] 22222 122 ΩΦΣΦ=ΦΩΣ+∇∇Φ ∫∫ ΩΩ − ddD tsttatt NNNNNN
 
Defining the global matrices and vectors: 
 







11 HH ( ) ( ) etsate dDe Ω⎟⎠⎞⎜⎝⎛ Σ+Σ+∇∇= −∫Ω NNNNH 12111  
 







22 HH ( ) etate dDe Ω⎟⎠⎞⎜⎝⎛ Σ+∇∇= ∫Ω NNNNH 222
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11 FF ∫Ω ΩΣ= e etfe dNNF 11 ν
 







22 FF ∫Ω ΩΣ= e etfe dNNF 22 ν
 
the diffusion equation (8.) could, finally, be expressed in a matrix form as: 
 
(26.) [ ]221111 ΦFΦFΦH += λ  
 
(27.)  11222 ΦSΦH −=
 






































where the matrices, in the Cartesian coordinates, are given by: 
 






























































































































(31.)  [ ] ζηξ dddNNF
e ji
e
fij Jdet11 ∫ ∑=
 
(32.)  [ ] ζηξ dddNNF
e ji
e
fij Jdet22 ∫ ∑=
 
(33.)  [ ] ζηξ dddNNS
e ji
e





To improve, automatically, the solution of the neutron diffusion equation, an adaptive remeshing technique is used, 
based in previous works [6], [13]. The error estimate that will drive the adaptive remeshing is based in the module of 
the neutron flux gradient. Since the flux is interpolated by a linear function, the flux gradients are constants in each 
element creating discontinuities at the element interfaces. These discontinuities could be considered a mesure of the 
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Reactor Criticality factor : effk
 
The reactor criticality factor  for two energy groups diffusion theory, could be obtained from the solution of the 
















In this work, all the matrices are calculating using the numerical integration. As the matrices , and are 





Solution using Power Method: 
 
Supposing all the values in the iteration  known, with the initial condition: n
 












SFφHφ ==+ 11  
 
where  is considered the fission source at iteration . nS n

















INSTITUTO DE ENGENHARIA NUCLEAR 
 
 




































































The new fission source, used for the next iteration in equation (36.), is chosen via an extrapolation method: 
 
(44.) ( )11 −+ −+= nnnn SSSS α  
 





In two dimensional core analysis, the axial neutron flux profile is considered by the axial buckling model. When the 
axial neutron flux distribution, in the whole core region, can be expressed as a function of , the axial leakage 





zaa DB+Σ=Σ  
 
where z is the vertical or axial direction, aΣ  and  are the original and modified macroscopic absorption cross 
sections and is the axial buckling corresponding to the core height. This axial buckling value is obtained from the 




edλ  which is normally utilized for nuclear core 






















The objective of this section is to compare analytical solution examples of a diffusion problem, represented here by a 
wave equation, with the one obtained from the numerical solution using the Mef program. 
 
One region and one neutron energy group 
 
This first analytical example is based in a 2D hypothetic reactor with one region, without reflector and with one group 
of energy. This reactor can be modeled from the neutron diffusion equation (1.) by: 
 
(45.)  φλνφφ faD Σ=Σ+∇− 2
 
which represents a balance between the neutron production ( φλν fΣ ), the neutron escaping ( ) and the neutron 
absorption (
φ2∇− D
φaΣ ). The third dimension, the axial one, is considered infinite. Remembering that the wave equation 
could be given by the following expression: 
 
(46.) 02  2 =+∇ φφ gB
 
where  is named the geometric buckling. Comparing the equation 2gB (45.) with equation (46.) the geometric buckling , 



















To define the reactor criticality state, the variable , defined in equation effk
k
(35.), is used. Then, the reactor is critical 
when . As the geometric buckling is a function of the inverse of a square dimension, it will decrease when the 
physical dimensions of the reactor increases. So, for a reactor with dimensions greater than the ones characterized by 
the critical condition, the reactor will be super critical:  and vice-versa the reactor will be sub critical: 
1=effk
1>eff 1<effk . 













Figure 1: Reactor geometric model 
 
























B =Σ−Σ= ν  
 
where  is the material buckling and equal to 0.1402 when the thermal parameter are used. 2mB
Then, for a domain defined by  and 0.16=b 0.10=a  we have: 
 
(51.) [ ]2  2 137249.0 −= cmBg
 
In this case, as the dimensions are bigger than the Argonauta reactor and according with the explanation did before, this 
reactor is super-critical ( ). Using the macroscopic cross section of the Argonauta core reactor defined below: 1>effk
 
Table 1: Macroscopic cross section properties for one energy group. 
 D  
Diffusion 
Coefficients[cm] 




[ ]1−Σ cmfν  
Fission Macroscopic 
Cross Section[cm] 
zone group 1 1 1 
1-core fuel 0.256 0.0572 0.0931 
 
obtained from the HAMMER program by Aghina[14] using a homogenization of the core reactor for only one group of 
neutron energy (thermal neutron), the numerical solutions of diffusion equation are presented in function of the number 
of elements used by the adaptive remeshing. The neutron fluxes φ , obtained using a basic mesh of 82 elements and 
mesh refinements of 1190, 4130 and 13334 elements (Figure 2), will be compared with the solution of the wave 
solution equation (Figure 3). In the refined meshes, it could be observed a finite element concentration in the regions 
where the variation of flux gradient and consequently where the error is large. This concentration is obtained from the 
adaptive remeshing with the objective to homogenize the solution error distribution. 
 
   
 
   












Figure 3: Neutron flux using basic mesh, 82, 1190, 4103 and 13334 finite elements 
 
The diffusion equation eigenvalue or the reactor criticality factor is given in Table 2, in function of the number of finite 
elements used in the discretization. The results show the good agreement among this work (Mef), the analytical 
solution and the MatLab solution using the PDE Tool. 
 







0.137249 0.99179 1.00827 










Basic mesh 88 1.0071 0.992863 204 0.139600 0.99826 1.00175 
500 621 0.9939 1.0061 810 0.137800 0.99331 1.00674 
1000 1244 0.9929 1.00717 3264 0.137400 0.99221 1.00785 
5000 7199 0.9920 1.00808 13054 0.137300 0.99193 1.00813 
10000 16640 0.9919 1.00819 52224 0.137260 0.99182 1.00825 
(¹) The adaptive finite element remeshing obtains a new number of finite elements near the number of elements 
required to the new mesh [6]. 
(²) Solution obtained in [5] using the PDE Tool. 
 
 
One region and two groups of energy 
 
This second analytical example is based in a 2D hypothetic reactor with one region (without reflector and infinite 
dimension in the third direction-axial one) and two groups of energy. This reactor can be modeled from the neutron 
flux eigenvalue problem defined in equation (1.) by: 
 













Pre-multiplying the wave equation (46.) by  and  and substituting the result in the 2 groups of neutron diffusion 
equation presented above result: 
1D 2D
 
(54.)  ( ) ( )21121 21121 φνφνλφ ffsagBD Σ+Σ=Σ+Σ+ −
 
(55.)  ( ) 1222 122 φφ −Σ=Σ+ sagBD
 









































Suppose, in the reactor geometric model presented in Figure 1, that side a is equal 34 and side b is equal 90. From the 
wave equation solution (49.), we have: 
 
(58.) 0097562.  02 =gB
 
and using the material properties defined below: 
 
Table 3: Macroscopic cross section properties for two energy groups. 
 D  
Diffusion 
Coefficients[cm] 




[ ]1−Σ cmfν  
Fission Macroscopic 
Cross Section[cm] 





zone group 1 2 1 2 1 2  












and from equation (57.), the analytical multiplication factor λ  is given by: 
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Table 4: Neutron diffusion solution for 2 energy groups Argonauta reactor 




Analytical solution  0.9908 1.0093 
Mef solution 1244 0.9924 1.0077 
 7199 0.9905 1.0096 









In this section we will present the numerical solutions produced by the MEF program for various types of reactors and 
compare them with the results obtained by other authors using different numerical solution. 
Basic reactor: 
 
This basic reactor presents two regions where the fuel region has different physical characteristics. Only a eighth of the 
geometry are modeled and the Table 5
Table 5: Physical properties of the reactor regions 
 presents the physical parameters of each region. 
 
 D  
Diffusion 
Coefficients[cm] 












zone group 1 2 1 2 1 2  
1-fuel 1.65 0.44 0.0621 0.35 0.0 0.218 0.1 
2-fuel 1.60 0.4267 0.0623 0.30 0.0 0.218 0.06 
3-fuel 1.56 0.4133 0.0623 0.25 0.0 0.218 0.06 
4-fuel 1.50 0.40 0.0623 0.20 0.0 0.218 0.06 
5-reflector 1.20 0.15 0.101 0.020 0.0 0.0 0.06 
 
The main reason to choose this reactor is the fact that this test problem presents some characteristic of real reactors as 
various regions with different properties and the existence of singularity points. In the Figure 4 we present the core 
reactor discretization with five regions and the basic mesh of triangle elements with 41 nodes and 56 elements with 33 




   
0=φ  




 presents the meshes with 414 elements (242 nodes and 221 free d.o.f.) and with 683 elements (384 nodes and 
363 free d.o.f.) obtained from the adaptive remeshing based in the initial basic mesh and in the error on the gradient of 
neutron flux. We can see that the mesh refinement, due to the automatic adaptive remeshing, is on the region where the 
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Figure 5: Adaptive remeshing with 221 and 363 d.o.f 
 
The Figure 6 shows the evolution of the fast and thermal neutron flux with the increasing number of d.o.f. at section 





Figure 6: Evolution of the fast and thermal flux at section x=0 for basic mesh with 33 d.o.f.  









Figure 7: Fast and thermal neutron flux at section x=20. for 363 d.o.f.. 
 
In Table 6 a comparison among various solution is presented in function of the number of d.o.f.. The program C.H.D 
uses the finite element method with a rectangular finite element with a Hermite cubic interpolation functions. The 
program EFTDN uses also the finite element method with a linear triangular finite element without automatic 
adaptative remeshing. 
 
Table 6: Comparison among the results obtained for the basic reactor 
Reference: Number 
of d.o.f. 





C.H.D. 146 0.729360 3.49786 111.4182 
EFTDN[2] 153 0.730718 3.45392 111.2074 
MEF[3] 33 0.742546 35  
MEF[3] 221 0.730591 35  











This example simulates a hypothetical cylindrical reactor with two regions with the macroscopic cross sections data 
given in Table 7
Table 7: Macroscopic sections of the cylindrical reactor 
. This reactor is selected with a geometric relation between fuel and reflector radio to obtain a 
. 1=effK
 
 D  
Diffusion 
Coefficients[cm] 




[ ]1−Σ cmfν  
Fission Macroscopic 
Cross Section[cm] 





zone group 1 2 1 2 1 2  
1-fuel 1.12360 0.87000 0.0066323 0.0025993 0.0000000 0.00000 0.003675
2-reflector 
(water) 
1.11406 0.29113 0.0315090 0.1338100 0.0092857 0.23611 0.016996
 
The first basic mesh used is derived directly from GID by a localized refinement in the circle line defining the limit of 





Figure 8: Basic mesh using the GID refinement 
 
In Table 8
Table 8: Criticality coefficient of the cylindrical reactor 
, the critical coefficient obtained using 821 elements is presented and, in Figure 9 the fast and thermal 
neutron flux associated to this solution. 
 








using the GID 
refinement 









Figure 9: Fast and Thermal Neutron Flux 
 
 
   
Figure 10: (a) Fast(red) and thermal(green) neutron flux, (b)  Thermal neutron flux 
 
In the sequel, we show the results obtained from Mef program using the adaptive remeshing technique developed by 
Sampaio [6] and implemented in the MEF program to help the user in obtaining a good mesh based in the error 
calculated over the flux gradient. The adaptive remeshing was adapted to correct the tendency to create corners in the 
original geometry (circle line) in the interface between fuel and reflector. This was done moving all the point of the 
region 2 onto the circle as done by Nery [13]. 
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Figure 11: Mesh evolution in the adaptive remeshing 
 
The multiplication factors, obtained from these meshes, are plotted in Table 9
Table 9: Multiplication factor obtained from the mesh evolution presented above 
 and the contour fill evolution of neutron 
fluxes in function of the number of elements are presented in the Figure 12. 
 




effK  Number of 
iterations 
 
Basic mesh 59 91 0.977673 16  
1 403 746 1.002430 20  
2 1011 1944 1.001880 22  
3 4146 8184 1.001970 22  
Analytical 
solution 
  1.000000   
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Figure 12: Thermal flux evolution for meshes defined in Figure 11. 
 
 
PWR 1300 Mwe reactor (Zion-1): 
 
The Zion-1 is a real power reactor with a generation capacity of 1300 Mwe. This kind of reactor have heterogeneous 
zones, fuel shield and big core dimensions that require a great number of d.o.f. to obtain a good precision solutions. 
In the Figure 13
Figure 13: Core geometry of the Zion-1 nuclear power reactor 
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Table 10: Reactor regions physical properties 
 D  
Diffusion 
Coefficients [cm] 




[ ]1−Σ cmfν  
Fission Macroscopic 
Cross Section 




zone group 1 2 1 2 1 2  
  3-fuel shield 1.0213 0.33548 0.00322 0.14596 0.00000 0.00000 0.00000
11-fuel (2.25%) 1.4176 0.37335 0.02597 0.06669 0.00536 0.10433 0.01742
12-fuel (2.8%) 1.4197 0.37370 0.02576 0.07606 0.00601 0.12472 0.01694
13-fuel (3.3%) 1.4265 0.37424 0.02560 0.08359 0.00653 0.14120  0.01658
15-reflector (H²O) 1.4554 0.28994 0.02950 0.00949 0.00000 0.00000 0.02903
 
 
In Figure 14, we present (a) the material distribution of the reactor core and (b) the mesh discretization obtained by 
GID (basic mesh) with 816 linear triangular mesh (451 nodes) of a quarter of the reactor core. 
 






Figure 14: (a)Material distribution and (b)finite element mesh. 
 
From Table 11
Table 11: Comparison among variables from various codes. 
, which presents the results of the multiplier coefficient, we can observe that the results presented by 
EFTDN and MEF are quite similar to those presented by PDQ-5 and CITATION which use finite differences but with 
four times the number of d.o.f.. 
 PDQ-5 CITATION EFTDN MEF 
Number of variables/energy 
group 
1936 (44x44) 1936 (44x44) 5626 (75x75) 497 412
Keff 1.2749 1.27313 1.27508 1.27485 1.27496
Dominance radio 0.8749 0.7908
Fast-thermal flux radio 
(medium reactor point) 
3.835 3.922 3.724 
Number of iterations)  100
 
In the sequel, we present, in Figure 15, the contour fill of the fast and thermal neutron flux and, in Figure 16, the 
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Figure 15: (a) Fast and (b) thermal neutron flux 
 
    
Figure 16: Fast and thermal neutron flux at (a) x=0. and (b) x=186.5255 
 
 
Numerical Benchmark simulation: IAEA reactor: 
 
This reactor is normally used as a 2D standard problem to verify the efficiency of the codes in solving the neutron 
diffusion equation. This standard reactor presents characteristic as control rods, heterogeneous regions and large 
dimensions and has the advantage to present in references many results well characterized. The physical properties of 
the core regions are given in Table 12 without taking into account the axial neutron flux distribution. 
 
Table 12: Physical properties of the 2D-IAEA reactor regions 
 Diffusion 
Coefficients [cm] 












zone group 1 2 1 2 1 2  
1-fuel 1 1.5 0.4 0.03 0.08 0.0 0.135 0.02 
2-fuel 2 1.5 0.4 0.03 0.085 0.0 0.135 0.02 
3-fuel+control rods 1.5 0.4 0.03 0.13 0.0 0.135 0.02 
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The correction of these physical properties is done using a correction factor named geometric buckling in the following 
way: 
 
(62.) 2,111 gzaa BD+Σ=Σ  
 
(63.) 2,222 gzaa BD+Σ=Σ  
 
Then, for a 2D model, the axial buckling, given by  (2D calculation) for all the regions and energy 




Table 13. These corrections, in 
the physical properties, are automatically done in the MEF program when the geometric buckling are not equal zero. 
After the new absorption macroscopic cross section is defined, the geometric buckling is put to zero. 
 
Table 13: Correction in the absorption macroscopic cross section due to the axial buckling. 




zone group 1 2 
1-fuel 1 0.03012 0.080032
2-fuel 2 0.03012 0.085032





Figure 17: Core geometry of the numerical benchmark simulation of the IAEA reactor 
















































Figure 18: (a) Finite element mesh and (b) regions with different physical properties 
 
A comparison among codes using finite differences and finite elements are presented in Table 14. Analyzing the results 
obtained for the calculate values of , the ones obtained from MEF are quite similar to those presented by others 
codes using finite differences (Exterminator-2, Venture, Vancer, FEMB) or finite element methods (EFTDN). It can be 
















Table 14: Results of the IAEA - 2D – Benchmark reactor: 





2178 8978 1156 4624 18496 73984 1156 4624 5329 530 471  
Keff 1.03065 1.03065 1.02924 1.02944 1.02954 1.02958 1.03077 1.02983 1.02960 1.02963 1.0298 1.02958 
Dominance radio          0.9353 0.8754  








      1.66 1.546 1.53(130,55) 1.56(130,55)  1.52 
 
¹ Finite differences with center mesh 
² Finite Elements 
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The fast and thermal flux are presented, for the basic mesh defined in Figure 18(a), in the Figure 19 and in the Figure 
20 (section x=y). These results correspond to 2D calculation without using the geometric buckling (correction factor, 
due to the axial neutron flux distribution, used to correct the absorption cross section). 
   




Figure 20: Fast (red) and thermal (green) flux for the 2D-IAEA benchmark reactor 
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Figure 22: Fast(red) and thermal(green) neutron flux for 2D-IAEA benchmark reactor at (a) x=0 and (b) x=y 
 
The neutron fast and thermal flux distribution in the nuclear reactor core using the correction due to the simplified 
geometry (2D instead 3D) is presented in Figure 21 and Figure 22. In this case a geometric axial buckling of: 
 is used. We can note the big difference between the results when you take into account the axial 




To obtain, in this example, a precise result we make use of the adaptative remeshing that will permit to homogenize the 
fast or thermal neutron flux error. A sequence of meshes using these techniques for thermal neutron flux error are 
presented in the Figure 23. The fast and thermal neutron flux for the more refined mesh is presented in the Figure 24. 
Due to GenMesh limitations (treatment of only two regions), the adaptative remeshing is only possible in this case 















Figure 24: Fast and Thermal neutron flux for 5493 elements 
 
The multiplication factors for various meshes are presented in Table 15
Table 15: Multiplicator factor for various meshes. 
. We can note the convergence of the solution 
when the number of elements increases. 
 
Number of elements  Number of nodes Number of iterations effk  
asked furnished    
Basic mesh 903 506 137 1.02980 
1000 1721 917 196 1.02922 
2000 2522 1320 208 1.02916 
5000 5493 2814 225 1.02911 
10000     
 
 
Argonauta Reactor (2 regions): 
 
In this example, we present the solution of the Argonauta Reactor constructed at IEN and based in a project of the 
Argonne Laboratory, using two energy groups and two material regions: region one for the reflector (vertical one) and 
















Figure 25: Argonauta reactor model with two material regions 
Figure 25
 
The model of this kind of reactor is presented in  and its macroscopic cross sections are obtained from the 













Table 16: Macroscopic section for the 2regions homogenization 
 Diffusion 
Coefficients [cm] 
[ ]1−Σ cmT  
Total Macroscopic 
Cross Section 






−Σ cms  
1 to 2 
Macroscopic 
Cross Section 
zone group 1 2 1 2 1 2  
1-fuel 1.3218287 0.255942 0.0308060 0.0575210 0.00230728 0.0930923 0.02642667 
2-reflector(water) 1.2663550 0.154671 0.0512370 0.0187424 0.0 0.0 0.0492064 
 
To solve this problem we use a mesh created in the GID program and shown in the Figure 26 with the boundary 
conditions defined in Figure 25. The multiplication factor is presented in the Table 17. As explained before, with this 
configuration, the reactor is super critical. The neutron flux distributions in the Argonauta nuclear reactor core are 
plotted in the Figure 27 
 
 
Figure 26: Argonauta reactor basic mesh 
 
 
Table 17: Argonauta reactor multiplication factor 
 effk  Number of iteration 
MEF 1.05524 44 
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Figure 27: Fast and thermal neutron flux 
 













Argonauta Reactor (3 regions): 
 
In this example, we present the solution of the same Argonauta reactor calculate above but now using a reactor model 
with 3 physical property (fuel, reflector, moderator) regions and two neutron energy groups. The third spatial 
dimension is another time considered infinite. The geometry and the material of this model are defined in Figure 30. 
From the Hammer calculations, we can obtain, for this rector model, the homogenized physical cross section properties 


























Figure 30: Argonauta reactor with three material regions 
 
Table 18: Physical properties of the Argonauta Reactor 
 Diffusion Coefficients [cm] Total Macroscopic Cross 
Section 
Fission Macroscopic Cross 
Section [cm] 




 [ ]11 −cmD  2D  1Σ  2Σ  1fΣ  2fΣ  12Σ  
Core 1.3218287 0.255942 0.0318250 0.0577170 0.00230728 0.0930923 0.02642667 
Grafit 1.1236000 0.870000 0.0066323 0.0025993 0. 0. 0.00367500 
Water 1.2663550 0.154671 0.0522100 0.0188620 0. 0. 0.04920640 
 
To calculate the Argonauta reactor neutron flux, the MEF program is used for two spatial discretizations: one with 






















Table 19: Critical coefficient values 
 MEF 
Number of elements 1341 19422 
Number of iterations 33 27 
effk  1.0110 1.00276 
 
In Table 19, we present the multiplication factor obtained by MEF program showing the reactor very close to the 
criticality. Using a pos-processor, it is possible to see in Figure 31 and Figure 32 the fast and thermal neutron flux 
solution of the Argonauta Reactor using the model defined above and with the discretization of 1341 elements. 
 
  














Figure 33: Fast (red) and thermal (green) neutronic flux 
 
In the second step, the spatial discretization is performed with 19422 linear triangular finite elements. It is possible to 
see in Figure 34 the material and the finite element mesh.  
 
   
Figure 34: Discretization with 19422 linear triangular finite elements 
 
The Figure 35 and Figure 36 shows the fast and thermal neutron flux solution of the Argonauta Reactor using 19422 
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Figure 35: Fast and thermal neutron fluxes 
   
Figure 36: Fast and thermal neutron fluxes 
 
 










As mentioned before, deterministic methods are still required to obtain fine resolution results that cannot be obtained in 
a reasonable time by the statistical way (Monte Carlo solutions) due to the great number of variables required. Now, 
with the implementations realized in the MEF code, it is possible to solve the 2D diffusion equation of the reactor 
physics with two group of energy and with as fine a resolution as required by the user. This objective is possible by 
using, in the basic diffusion equation, the Finite Element Method and adaptive remeshing based in the error of the 
neutron flux gradient. No difficulties are envisaged in new implementations such as the 3D diffusion calculations. 
Despite of the fact that the power method is know to be a method with slow convergence, the major cpu time is spent, 
mainly, in the sequence linear system solution (Gauss). In the case of using a refined remesh that not takes into account 
the solution error for the refinement, the number of variables can increase quickly and the solution of the linear system 
becomes each time larger and the solution is very time and memory consuming, mainly in the 3D case. In this case, 
alternatives could be employed. The first alternative is to substitute the system equation solution procedure by a 
conjugated gradient  [9] scheme that improves the time and memory use. Using this kind of solver, the global matrices 
assemblage is not necessary and the linear system solution is substituted by a quadratic optimization procedure. A 
second alternative is to use the adaptive remeshing procedure that improves the mesh automatically using a necessary 
number of elements to rend the error homogeneous in all the domain. Unfortunately, the adaptive mesh refinement 
implemented in Mef presently only works with two material regions imposing certain limitations to MEF calculations. 
A second limitation is due to MEF itself where neutron diffusion solution is limited to 2 neutron groups of energy. This 
last limitation is easily removed but it seems that the introduction of the conjugated gradient scheme is more important 
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Use first the GID program to construct the input data file to MEF program. The nuclear reactor geometry model is 
defined from basic elements as points, lines and surfaces for a 2D model in the Geometry GID label. 
 
 
Figure 38: Nuclear reactor geometry definition 
 
Then, using the Data GID label, it is possible to assign the boundary conditions 
 
 
Figure 39: Nuclear reactor boundary conditions 
 









Figure 40: Grafita reactor region definition 
 
 
Figure 41: Water reactor region definition 
 
 
Figure 42: Fuel region definition 
 









Figure 43: Nuclear reactor materials 
 
To define the problem, go to the Problem Data GID label and assign 9 as the number of properties; 
 
 
Figure 44: Property number for each region 
 
Select Diffusion analysis as the problem type, Plane problem as the sub-type diffusion analysis, tri 3node as sub-type 









Figure 45: Define a problem to be solved and what kind of Finite Element. 
 
Select Power Method for the MEF solver type label 
 
 













Now, the nuclear reactor core model is defined. To solve the neutron diffusion equation for this reactor core using the 
finite element method, select the GID label Meshing. For quadratic elements set normal (Figure 48), for assign 
unstruct sizes set lines with value equal 10.(Figure 49) and then select lines that define the fuel core region (Figure 












         
Figure 49: Definition of mesh refinements required in the model 
 
 
Figure 50: Selection of regions where mesh refinements are required 
 
Continuing in the Meshing label, assign Triangle in the Element type (Figure 51) and select all core reactor regions 
assigning the value 20. to the size of elements to be generated. 
 
 









   
Figure 52: Defining regions to be meshed and element size. 
 
A mesh is obtained using the Generate option of the Meshing Gid label (Figure 53) 
 
            
Figure 53: New mesh for the core reactor model 
 
To run the MEF application to calculate the neutron flux in the core reactor use Calculate option on the Calculate Gid 

























The interaction between GID and MEF program is given by the following files: 
 
Output data files from GID-preprocessor and input data files to MEF program 
 
<filename>.dat: output data file from GID and input data file to MEF. 
 
Files used by GID program to write the data file <filename.dat>: 
Mef49.bas: write the data file <filename.dat> in function of the options defined in the others following files used 
by GID: 
Mef49.prb: problem definitions 
Mef49.cnd boundary conditions 
Mef49.mat: material definitions 
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           MEF Program - version: 4.9 - 2005 
                       -.- 
                 for    Stress, 
                        Heat Transfer, 
                        ElectroMagnetic and 
                        Neutron Diffusion analysis 
                 using 
                        Finite Element Method (2005) 
                       -.- 
Authors:    Reinaldo J. Jospin                  (1992.......) 
            Julio Ricardo Barreto Cruz          (1992...1996) 
            Domingos E. de Sá Nery              (1996...2000) 





  163    1    2     1.000     1.000     1.000    0 
    1 7.650000e+001 5.270000e+002 
    2 5.737500e+001 5.270000e+002 
    3 7.650000e+001 5.070910e+002 
    4 4.781250e+001 5.096790e+002 
    5 3.825000e+001 5.270000e+002 
    6 5.819430e+001 4.926480e+002 
    7 7.650000e+001 4.871820e+002 
    8 2.868750e+001 5.096790e+002 
    9 5.568740e+001 4.762590e+002 
   10 3.716170e+001 4.884310e+002 
   11 1.912500e+001 5.270000e+002 
   12 7.650000e+001 4.672730e+002 
   13 1.830570e+001 4.926480e+002 
   14 3.330610e+001 4.643280e+002 
   15 0.000000e+000 5.270000e+002 
   16 5.137420e+001 4.537630e+002 
   17 1.813820e+001 4.737780e+002 
   18 0.000000e+000 5.064620e+002 
   19 7.650000e+001 4.473640e+002 
   20 0.000000e+000 4.859240e+002 
   21 3.375250e+001 4.443600e+002 
   22 1.628470e+001 4.538790e+002 
   23 5.061330e+001 4.338040e+002 
   24 0.000000e+000 4.653860e+002 
   25 7.650000e+001 4.274550e+002 
   26 1.714960e+001 4.340050e+002 
   27 3.286850e+001 4.248120e+002 
   28 0.000000e+000 4.448490e+002 
   29 5.530960e+001 4.154700e+002 
   30 7.650000e+001 4.075450e+002 
   31 1.590560e+001 4.143440e+002 
   32 0.000000e+000 4.243110e+002 
   33 5.917950e+001 3.975910e+002 
   34 3.619660e+001 4.016150e+002 
   35 7.650000e+001 3.876360e+002 
   36 0.000000e+000 4.041530e+002 
   37 1.732050e+001 3.946640e+002 
   38 2.990730e+001 3.862750e+002 
   39 4.862510e+001 3.797620e+002 
   40 7.650000e+001 3.677270e+002 
   41 0.000000e+000 3.851760e+002 
   42 1.732050e+001 3.762850e+002 
   43 3.424950e+001 3.669380e+002 
   44 5.317880e+001 3.588110e+002 
   45 0.000000e+000 3.673950e+002 
   46 1.657050e+001 3.591020e+002 
   47 7.650000e+001 3.478180e+002 
   48 3.325550e+001 3.498320e+002 
   49 5.348280e+001 3.404220e+002 
   50 0.000000e+000 3.508090e+002 
   51 1.539300e+001 3.431050e+002 
   52 3.208690e+001 3.343500e+002 
   53 7.650000e+001 3.279090e+002 
   54 4.937580e+001 3.238090e+002 
   55 0.000000e+000 3.354010e+002 
   56 1.424340e+001 3.282730e+002 
   57 7.650000e+001 3.080000e+002 
   58 0.000000e+000 3.211440e+002 
   59 5.494990e+001 3.080000e+002 
   60 3.339980e+001 3.080000e+002 
   61 1.495330e+001 3.080000e+002 
   62 0.000000e+000 3.080000e+002 
   63 5.215120e+001 2.905650e+002 
   64 7.650000e+001 2.885000e+002 
   65 2.276500e+001 2.919990e+002 
   66 0.000000e+000 2.962810e+002 
   67 1.036900e+001 2.910920e+002 
   68 3.651070e+001 2.849760e+002 
   69 6.251920e+001 2.775350e+002 
   70 4.902740e+001 2.763800e+002 
   71 1.580910e+001 2.819860e+002 
   72 0.000000e+000 2.859030e+002 
   73 2.554800e+001 2.779400e+002 
   74 7.650000e+001 2.690000e+002 
   75 3.445570e+001 2.721120e+002 
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   77 1.743350e+001 2.721110e+002 
   78 0.000000e+000 2.757200e+002 
   79 2.534970e+001 2.679510e+002 
   80 5.788850e+001 2.596610e+002 
   81 4.200580e+001 2.610640e+002 
   82 3.232890e+001 2.623290e+002 
   83 9.444970e+000 2.659260e+002 
   84 0.000000e+000 2.681000e+002 
   85 1.872890e+001 2.620250e+002 
   86 2.694080e+001 2.569410e+002 
   87 3.398520e+001 2.549060e+002 
   88 1.162930e+001 2.580710e+002 
   89 0.000000e+000 2.604800e+002 
   90 7.650000e+001 2.495000e+002 
   91 2.155260e+001 2.515530e+002 
   92 2.916320e+001 2.498030e+002 
   93 3.948750e+001 2.443940e+002 
   94 6.191110e+001 2.407610e+002 
   95 0.000000e+000 2.507250e+002 
   96 1.213940e+001 2.454010e+002 
   97 2.281720e+001 2.418760e+002 
   98 0.000000e+000 2.409580e+002 
   99 7.650000e+001 2.300000e+002 
  100 1.094760e+001 2.354790e+002 
  101 2.327850e+001 2.268090e+002 
  102 0.000000e+000 2.300000e+002 
  103 5.917950e+001 2.202500e+002 
  104 1.112600e+001 2.214460e+002 
  105 3.839840e+001 2.157490e+002 
  106 7.650000e+001 2.105000e+002 
  107 0.000000e+000 2.150950e+002 
  108 5.778980e+001 2.023380e+002 
  109 1.755760e+001 2.071620e+002 
  110 7.650000e+001 1.910000e+002 
  111 3.782100e+001 1.909900e+002 
  112 0.000000e+000 1.964560e+002 
  113 5.834000e+001 1.855400e+002 
  114 1.681780e+001 1.875060e+002 
  115 7.650000e+001 1.715000e+002 
  116 4.781250e+001 1.693210e+002 
  117 2.663770e+001 1.710070e+002 
  118 0.000000e+000 1.742280e+002 
  119 7.650000e+001 1.520000e+002 
  120 5.737500e+001 1.520000e+002 
  121 3.825000e+001 1.520000e+002 
  122 1.912500e+001 1.520000e+002 
  123 0.000000e+000 1.520000e+002 
  124 4.536010e+001 1.364280e+002 
  125 7.650000e+001 1.330000e+002 
  126 3.287340e+001 1.352360e+002 
  127 5.889100e+001 1.262450e+002 
  128 0.000000e+000 1.330000e+002 
  129 1.732050e+001 1.235000e+002 
  130 3.843120e+001 1.175400e+002 
  131 7.650000e+001 1.140000e+002 
  132 0.000000e+000 1.140000e+002 
  133 5.917950e+001 1.045000e+002 
  134 1.732050e+001 1.045000e+002 
  135 7.650000e+001 9.500000e+001 
  136 3.464100e+001 9.500000e+001 
  137 0.000000e+000 9.500000e+001 
  138 5.917950e+001 8.550000e+001 
  139 1.732050e+001 8.550000e+001 
  140 7.650000e+001 7.600000e+001 
  141 3.431010e+001 7.693620e+001 
  142 0.000000e+000 7.600000e+001 
  143 5.917950e+001 6.650000e+001 
  144 1.732050e+001 6.650000e+001 
  145 7.650000e+001 5.700000e+001 
  146 3.464100e+001 5.700000e+001 
  147 0.000000e+000 5.700000e+001 
  148 5.917950e+001 4.750000e+001 
  149 1.732050e+001 4.750000e+001 
  150 7.650000e+001 3.800000e+001 
  151 3.738780e+001 3.457210e+001 
  152 0.000000e+000 3.800000e+001 
  153 5.917950e+001 2.850000e+001 
  154 1.739110e+001 2.591670e+001 
  155 7.650000e+001 1.900000e+001 
  156 4.454110e+001 1.590010e+001 
  157 3.051320e+001 1.642810e+001 
  158 0.000000e+000 1.900000e+001 
  159 7.650000e+001 0.000000e+000 
  160 5.737500e+001 0.000000e+000 
  161 3.825000e+001 0.000000e+000 
  162 1.912500e+001 0.000000e+000 
  163 0.000000e+000 0.000000e+000 
   -1 
COND 
1                                              0.0000 
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    0 
1                                              0.0000 
    2 
    0 
1                                              0.0000 
    3 
    0 
1                                              0.0000 
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    1 1.3218287e+000 2.5594200e-001 2.7693300e-003 5.7209000e-002 2.3072800e-003 9.3092300e-002 2.6426670e-002 
     1.9860000e-003 
    2 1.1236000e+000 8.7000000e-001 6.6323000e-003 2.5993000e-002 0.0000000e+000 0.0000000e+000 3.6750000e-003 
     0.0000000e+000 
    3 1.2663550e+000 1.5467100e-001 5.2210000e-002 1.8862000e-002 0.0000000e+000 0.0000000e+000 4.9206400e-002 
     0.0000000e+000 
   -1 
ELEM 
  257    3   16    1    0    0    1 
    1    0    0   16    1    0      86      82      79    0    0    1 
    2    0    0   16    1    0      78      84      76    0    0    1 
    3    0    0   16    1    0      91      86      85    0    0    1 
    4    0    0   16    1    0      84      89      83    0    0    1 
    5    0    0   16    1    0      91      85      88    0    0    1 
    6    0    0   16    1    0      88      85      83    0    0    1 
    7    0    0   16    1    0      85      86      79    0    0    1 
    8    0    0   16    1    0      83      89      88    0    0    1 
    9    0    0   16    1    0      83      85      77    0    0    1 
   10    0    0   16    1    0      84      83      76    0    0    1 
   11    0    0   16    1    0      79      77      85    0    0    1 
   12    0    0   16    1    0      77      76      83    0    0    1 
   13    0    0   16    2    0      82      86      87    0    0    1 
   14    0    0   16    2    0      86      91      92    0    0    1 
   15    0    0   16    2    0      87      86      92    0    0    1 
   16    0    0   16    2    0      87      92      93    0    0    1 
   17    0    0   16    2    0      82      87      81    0    0    1 
   18    0    0   16    2    0      92      91      97    0    0    1 
   19    0    0   16    2    0      78      76      72    0    0    1 
   20    0    0   16    2    0      77      79      73    0    0    1 
   21    0    0   16    2    0      76      77      71    0    0    1 
   22    0    0   16    2    0      79      82      75    0    0    1 
   23    0    0   16    2    0      89      95      88    0    0    1 
   24    0    0   16    2    0      81      87      93    0    0    1 
   25    0    0   16    2    0      97      91      96    0    0    1 
   26    0    0   16    2    0      82      81      75    0    0    1 
   27    0    0   16    2    0      92      97      93    0    0    1 
   28    0    0   16    2    0      95      98      96    0    0    1 
   29    0    0   16    2    0      77      73      71    0    0    1 
   30    0    0   16    2    0      73      79      75    0    0    1 
   31    0    0   16    2    0      76      71      72    0    0    1 
   32    0    0   16    2    0      66      72      67    0    0    1 
   33    0    0   16    2    0      71      73      65    0    0    1 
   34    0    0   16    2    0      73      75      68    0    0    1 
   35    0    0   16    2    0      98     102     100    0    0    1 
   36    0    0   16    2    0      96      91      88    0    0    1 
   37    0    0   16    2    0      97      96     100    0    0    1 
   38    0    0   16    2    0     100      96      98    0    0    1 
   39    0    0   16    2    0      67      72      71    0    0    1 
   40    0    0   16    2    0      67      71      65    0    0    1 
   41    0    0   16    2    0      66      67      61    0    0    1 
   42    0    0   16    2    0      62      66      61    0    0    1 
   43    0    0   16    2    0     100     102     104    0    0    1 
   44    0    0   16    2    0      96      88      95    0    0    1 
   45    0    0   16    2    0      65      73      68    0    0    1 
   46    0    0   16    2    0      65      68      60    0    0    1 
   47    0    0   16    2    0      68      75      70    0    0    1 
   48    0    0   16    2    0      75      81      70    0    0    1 
   49    0    0   16    2    0      97     100     101    0    0    1 
   50    0    0   16    2    0     104     102     107    0    0    1 
   51    0    0   16    2    0     104     107     109    0    0    1 
   52    0    0   16    2    0     100     104     101    0    0    1 
   53    0    0   16    2    0     101     104     109    0    0    1 
   54    0    0   16    2    0      67      65      61    0    0    1 
   55    0    0   16    2    0      97     101      93    0    0    1 
   56    0    0   16    2    0      68      70      63    0    0    1 
   57    0    0   16    2    0      70      81      80    0    0    1 
   58    0    0   16    2    0      80      81      93    0    0    1 
   59    0    0   16    2    0      70      80      69    0    0    1 
   60    0    0   16    2    0      70      69      63    0    0    1 
   61    0    0   16    2    0      69      80      74    0    0    1 
   62    0    0   16    2    0      69      74      64    0    0    1 
   63    0    0   16    2    0      69      64      63    0    0    1 
   64    0    0   16    2    0      68      63      60    0    0    1 
   65    0    0   16    2    0     109     107     112    0    0    1 
   66    0    0   16    2    0     109     112     114    0    0    1 
   67    0    0   16    2    0      60      61      65    0    0    1 
   68    0    0   16    2    0     114     112     118    0    0    1 
   69    0    0   16    2    0     114     118     117    0    0    1 
   70    0    0   16    2    0     109     114     111    0    0    1 
   71    0    0   16    2    0     123     122     118    0    0    1 
   72    0    0   16    2    0     121     120     116    0    0    1 
   73    0    0   16    2    0     120     119     115    0    0    1 
   74    0    0   16    2    0     122     121     117    0    0    1 
   75    0    0   16    2    0      99      90      94    0    0    1 
   76    0    0   16    2    0     110     106     108    0    0    1 
   77    0    0   16    2    0      90      74      80    0    0    1 
   78    0    0   16    2    0     115     110     113    0    0    1 
   79    0    0   16    2    0     106      99     103    0    0    1 
   80    0    0   16    2    0      64      59      63    0    0    1 
   81    0    0   16    2    0     109     105     101    0    0    1 
   82    0    0   16    2    0     111     114     117    0    0    1 
   83    0    0   16    2    0     117     121     116    0    0    1 
   84    0    0   16    2    0     117     116     111    0    0    1 
   85    0    0   16    2    0     122     117     118    0    0    1 
   86    0    0   16    2    0     116     120     115    0    0    1 
   87    0    0   16    2    0      94      90      80    0    0    1 
   88    0    0   16    2    0     103      99      94    0    0    1 
   89    0    0   16    2    0     103      94      93    0    0    1 
   90    0    0   16    2    0     108     106     103    0    0    1 




INSTITUTO DE ENGENHARIA NUCLEAR 
 
 
   92    0    0   16    2    0     108     105     111    0    0    1 
   93    0    0   16    2    0     111     105     109    0    0    1 
   94    0    0   16    2    0     105     103      93    0    0    1 
   95    0    0   16    2    0     113     110     108    0    0    1 
   96    0    0   16    2    0     113     108     111    0    0    1 
   97    0    0   16    2    0     115     113     116    0    0    1 
   98    0    0   16    2    0     116     113     111    0    0    1 
   99    0    0   16    2    0      93      94      80    0    0    1 
  100    0    0   16    2    0      59      60      63    0    0    1 
  101    0    0   16    2    0      59      64      57    0    0    1 
  102    0    0   16    2    0      93     101     105    0    0    1 
  103    0    0   16    3    0     142     147     144    0    0    1 
  104    0    0   16    3    0     140     135     138    0    0    1 
  105    0    0   16    3    0     123     128     122    0    0    1 
  106    0    0   16    3    0     159     155     160    0    0    1 
  107    0    0   16    3    0     152     158     154    0    0    1 
  108    0    0   16    3    0     131     125     127    0    0    1 
  109    0    0   16    3    0     132     137     134    0    0    1 
  110    0    0   16    3    0     150     145     148    0    0    1 
  111    0    0   16    3    0     155     150     153    0    0    1 
  112    0    0   16    3    0     128     132     129    0    0    1 
  113    0    0   16    3    0     135     131     133    0    0    1 
  114    0    0   16    3    0     147     152     149    0    0    1 
  115    0    0   16    3    0     125     119     120    0    0    1 
  116    0    0   16    3    0     145     140     143    0    0    1 
  117    0    0   16    3    0     137     142     139    0    0    1 
  118    0    0   16    3    0     158     163     162    0    0    1 
  119    0    0   16    3    0     161     160     156    0    0    1 
  120    0    0   16    3    0     121     122     126    0    0    1 
  121    0    0   16    3    0     120     121     124    0    0    1 
  122    0    0   16    3    0     162     161     157    0    0    1 
  123    0    0   16    3    0     133     131     127    0    0    1 
  124    0    0   16    3    0     133     127     130    0    0    1 
  125    0    0   16    3    0     130     127     124    0    0    1 
  126    0    0   16    3    0     124     127     120    0    0    1 
  127    0    0   16    3    0     144     147     149    0    0    1 
  128    0    0   16    3    0     144     149     146    0    0    1 
  129    0    0   16    3    0     146     149     151    0    0    1 
  130    0    0   16    3    0     144     146     141    0    0    1 
  131    0    0   16    3    0     134     137     139    0    0    1 
  132    0    0   16    3    0     134     139     136    0    0    1 
  133    0    0   16    3    0     136     139     141    0    0    1 
  134    0    0   16    3    0     136     141     138    0    0    1 
  135    0    0   16    3    0     141     139     144    0    0    1 
  136    0    0   16    3    0     144     139     142    0    0    1 
  137    0    0   16    3    0     134     136     130    0    0    1 
  138    0    0   16    3    0     153     150     148    0    0    1 
  139    0    0   16    3    0     153     148     151    0    0    1 
  140    0    0   16    3    0     154     158     162    0    0    1 
  141    0    0   16    3    0     143     140     138    0    0    1 
  142    0    0   16    3    0     143     138     141    0    0    1 
  143    0    0   16    3    0     138     135     133    0    0    1 
  144    0    0   16    3    0     138     133     136    0    0    1 
  145    0    0   16    3    0     148     145     143    0    0    1 
  146    0    0   16    3    0     148     143     146    0    0    1 
  147    0    0   16    3    0     149     152     154    0    0    1 
  148    0    0   16    3    0     149     154     151    0    0    1 
  149    0    0   16    3    0     151     154     157    0    0    1 
  150    0    0   16    3    0     157     154     162    0    0    1 
  151    0    0   16    3    0     127     125     120    0    0    1 
  152    0    0   16    3    0     129     132     134    0    0    1 
  153    0    0   16    3    0     129     134     130    0    0    1 
  154    0    0   16    3    0     155     153     160    0    0    1 
  155    0    0   16    3    0     133     130     136    0    0    1 
  156    0    0   16    3    0     128     129     122    0    0    1 
  157    0    0   16    3    0     126     122     129    0    0    1 
  158    0    0   16    3    0     126     129     130    0    0    1 
  159    0    0   16    3    0     124     121     126    0    0    1 
  160    0    0   16    3    0     124     126     130    0    0    1 
  161    0    0   16    3    0     157     161     156    0    0    1 
  162    0    0   16    3    0     157     156     151    0    0    1 
  163    0    0   16    3    0     156     160     153    0    0    1 
  164    0    0   16    3    0     156     153     151    0    0    1 
  165    0    0   16    3    0     146     151     148    0    0    1 
  166    0    0   16    3    0     141     146     143    0    0    1 
  167    0    0   16    2    0      58      62      61    0    0    1 
  168    0    0   16    2    0      55      58      56    0    0    1 
  169    0    0   16    2    0      50      55      51    0    0    1 
  170    0    0   16    2    0      56      58      61    0    0    1 
  171    0    0   16    2    0      55      56      51    0    0    1 
  172    0    0   16    2    0      51      56      52    0    0    1 
  173    0    0   16    2    0      45      50      46    0    0    1 
  174    0    0   16    2    0      50      51      46    0    0    1 
  175    0    0   16    2    0      46      51      48    0    0    1 
  176    0    0   16    2    0      41      45      42    0    0    1 
  177    0    0   16    2    0      61      60      56    0    0    1 
  178    0    0   16    2    0      45      46      42    0    0    1 
  179    0    0   16    2    0      42      46      43    0    0    1 
  180    0    0   16    2    0      52      56      60    0    0    1 
  181    0    0   16    2    0      51      52      48    0    0    1 
  182    0    0   16    2    0      48      52      49    0    0    1 
  183    0    0   16    2    0      36      41      37    0    0    1 
  184    0    0   16    2    0      49      52      54    0    0    1 
  185    0    0   16    2    0      48      49      44    0    0    1 
  186    0    0   16    2    0      46      48      43    0    0    1 
  187    0    0   16    2    0      43      48      44    0    0    1 
  188    0    0   16    2    0      43      44      39    0    0    1 
  189    0    0   16    2    0       2       5       4    0    0    1 
  190    0    0   16    2    0      11      15      18    0    0    1 








  192    0    0   16    2    0       1       2       3    0    0    1 
  193    0    0   16    2    0      39      44      40    0    0    1 
  194    0    0   16    2    0      43      39      38    0    0    1 
  195    0    0   16    2    0      42      43      38    0    0    1 
  196    0    0   16    2    0      42      38      37    0    0    1 
  197    0    0   16    2    0      37      38      34    0    0    1 
  198    0    0   16    2    0      42      37      41    0    0    1 
  199    0    0   16    2    0      34      38      39    0    0    1 
  200    0    0   16    2    0      37      34      31    0    0    1 
  201    0    0   16    2    0      31      34      27    0    0    1 
  202    0    0   16    2    0      37      31      36    0    0    1 
  203    0    0   16    2    0      36      31      32    0    0    1 
  204    0    0   16    2    0      32      31      26    0    0    1 
  205    0    0   16    2    0      32      26      28    0    0    1 
  206    0    0   16    2    0      26      31      27    0    0    1 
  207    0    0   16    2    0      26      27      21    0    0    1 
  208    0    0   16    2    0      26      21      22    0    0    1 
  209    0    0   16    2    0      21      27      23    0    0    1 
  210    0    0   16    2    0      44      49      47    0    0    1 
  211    0    0   16    2    0      54      52      60    0    0    1 
  212    0    0   16    2    0      54      60      59    0    0    1 
  213    0    0   16    2    0      54      59      53    0    0    1 
  214    0    0   16    2    0      49      54      53    0    0    1 
  215    0    0   16    2    0       4       5       8    0    0    1 
  216    0    0   16    2    0       4       8      10    0    0    1 
  217    0    0   16    2    0       2       4       3    0    0    1 
  218    0    0   16    2    0       4      10       6    0    0    1 
  219    0    0   16    2    0      10       8      13    0    0    1 
  220    0    0   16    2    0       8      11      18    0    0    1 
  221    0    0   16    2    0      26      22      28    0    0    1 
  222    0    0   16    2    0      28      22      24    0    0    1 
  223    0    0   16    2    0      22      21      14    0    0    1 
  224    0    0   16    2    0      21      23      16    0    0    1 
  225    0    0   16    2    0      23      27      29    0    0    1 
  226    0    0   16    2    0      57      53      59    0    0    1 
  227    0    0   16    2    0      35      30      33    0    0    1 
  228    0    0   16    2    0      12       7       9    0    0    1 
  229    0    0   16    2    0      25      19      23    0    0    1 
  230    0    0   16    2    0      47      40      44    0    0    1 
  231    0    0   16    2    0       7       3       6    0    0    1 
  232    0    0   16    2    0       7       6       9    0    0    1 
  233    0    0   16    2    0       9       6      10    0    0    1 
  234    0    0   16    2    0      30      25      29    0    0    1 
  235    0    0   16    2    0      53      47      49    0    0    1 
  236    0    0   16    2    0      40      35      39    0    0    1 
  237    0    0   16    2    0      19      12      16    0    0    1 
  238    0    0   16    2    0      27      34      29    0    0    1 
  239    0    0   16    2    0      29      34      33    0    0    1 
  240    0    0   16    2    0      29      33      30    0    0    1 
  241    0    0   16    2    0      10      17      14    0    0    1 
  242    0    0   16    2    0       4       6       3    0    0    1 
  243    0    0   16    2    0      24      22      17    0    0    1 
  244    0    0   16    2    0      13       8      18    0    0    1 
  245    0    0   16    2    0      14      21      16    0    0    1 
  246    0    0   16    2    0      16      23      19    0    0    1 
  247    0    0   16    2    0      22      14      17    0    0    1 
  248    0    0   16    2    0      17      10      13    0    0    1 
  249    0    0   16    2    0      17      13      20    0    0    1 
  250    0    0   16    2    0      20      13      18    0    0    1 
  251    0    0   16    2    0      23      29      25    0    0    1 
  252    0    0   16    2    0      12       9      16    0    0    1 
  253    0    0   16    2    0      35      33      39    0    0    1 
  254    0    0   16    2    0      24      17      20    0    0    1 
  255    0    0   16    2    0      39      33      34    0    0    1 
  256    0    0   16    2    0      14      16       9    0    0    1 
  257    0    0   16    2    0       9      10      14    0    0    1 
   -1 
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